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a Undeformed radius  of  t h e  c y l i n d r i c a l  s h e l l ,  a s t r u c t u r a l  
r ad ius  measured t o  t h e  midl ine of t h e  s h e l l  t h i ckness  
Undeformed geometric r a d i u s  of t h e  c y l i n d r i c a l  s h e l l ,  
measured t o  t h e  ou t s ide  surface of  t h e  s h e l l .  
aO 
w b Width of c y l i n d r i c a l  s h e l l .  
approximately t o  t h e  t r e a d  width of a t i r e .  
This  would normally correspond 
Viscous damping c o e f f i c i e n t  C 
.- 
Propagat ion v e l o c i t y  JE/p C 1  
- 
C Dimensionless viscous damping c o e f f i c i e n t  
CWA Dimensionless damping f a c t o r  
- 
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k E l a s t i c  s t i f f n e s s  of s h e l l  i n t e r n a l  foundat ion 
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NOMENCLATURE ( Cone luded ) 
Dimensionless internal pressure 
Dimensionless external pressure 
Dimensionless internal pressure 
Dimensionless external pressure 
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Time 
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Dimensionless angular velocity 
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I. ABSTRACT 
An e l a s t i c a l l y  supported c y l i n d r i c a l  s h e l l  i s  used as a model f o r  t h e  
dynamic r o l l i n g  of a loaded pneumatic t i r e .  Such a model i nc ludes  many of  
t h e  e f f e c t s  found i n  t h e  r e a l  t i r e ,  such as bending o f  t h e  t r e a d  i n  t h e  con- 
t a c t  pa tch  reg ion ,  e l a s t i c  support  coming from t h e  i n f l a t e d  s idewa l l s  and 
l o s s  e f f e c t s  coming from t h e  inherent  d i s s i p a t i v e  p r o p e r t i e s  of t h e  materials 
used 
Methods are presented  f o r  c a l c u l a t i n g  t h e  dynamic contac t  pa tch  areas of  
such a model, and it  i s  shown t h a t  t h e s e  are inf luenced cons iderably  by roll- 
i ng  v e l o c i t y ,  t h e  c o n s t r u c t i o n a l  parameters of  t h e  t i r e  and i t s  loss  cha rac t e r -  
i s t i c s .  Dynamic p res su re  d i s t r i b u t i o n s  i n s i d e  t h e s e  contac t  pa tch  areas may 
a l s o  be obtained a n a l y t i c a l l y ,  and techniques  are given f o r  doing t h i s .  
A s  an  example of  t h e  use  of such a model, a n  e l a s t i c a l l y  supported c y l i n -  
d r i c a l  s h e l l  wi th  a viscous l o s s  law i s  used as a b a s i s  f o r  t h e  c a l c u l a t i o n  of 
t h e  load ca r ry ing  and drag p r o p e r t i e s  of  a pneumatic t i r e ,  t o  t h e  e x t e n t  t h a t  
t h e  va r ious  t i r e  parameters  may be approximated. These r e s u l t s  are presented  
as t y p i c a l  of t h e  information which may be obtained from such a model. 
/IP 
1 
11. INTRODUCTION 
It i s  a reasonably good approximation t o  s t a t e  t h a t  most pneumatic t i r e  
problems can be separa ted  i n t o  two groups,  t h e s e  being: 
( a )  
( b )  
Those involv ing  motion i n  t h e  p l ane  of t h e  wheel or r i m ;  
Those involv ing  motion t r ansve r se  t o  t h e  p l ane  of  t h e  wheel or 
r i m .  
There are,  of course,  occas iona l  except ions t o  t h i s  compartmentalization, bu t  
i n  t h e  main it i s  f e l t  t h a t  considerable  knowledge could be gained by develop- 
ing  methods f o r  s e p a r a t e l y  studying pneumatic t i r e  performance e i t h e r  i n  t h e  
p l ane  of t h e  wheel or t r a n s v e r s e  t o  t h e  p l ane  of  t h e  wheel. 
1 2 
and Thorsen Pre l iminary  e f f o r t s  have been made by such writers as S a i t o  
i n  developing techniques  f o r  p r e d i c t i n g  corner ing  f o r c e s  and o t h e r  e f f e c t s  
t r a n s v e r s e  t o  t h e  p lane  of  t h e  wheel. 
no sys temat ic  a t tempts  have been made t o  s tudy  motion i n  t h e  p lane  of t h e  
wheel p r i o r  t o  Ref. 3 .  
c y l i n d r i c a l  s h e l l  was proposed as a means f o r  s tudying t h e  s t a t i c  loading of  a 
pneumatic t i r e  a g a i n s t  a n  i n f i n i t e l y  r i g i d ,  f r i c t i o n l e s s  plane.  The r e s u l t s  ob- 
t a i n e d  from t h a t  a n a l y s i s  seemed t o  ag ree  f a i r l y  w e l l  wi th  contac t  pa t ch  length  
measurements made on rea l  pneumatic t i r e s .  
To t h e  b e s t  o f  t h e  wri ter ' s  knowledge, 
I n  t h a t  r epor t ,  t h e  use of a n  e l a s t i c a l l y  supported 
I n  view of t h e  many cu r ren t  problems a s s o c i a t e d  wi th  pneumatic t i r e  mo- 
t i o n  i n  t h e  p l ane  of t h e  wheel, it was f e l t  d e s i r a b l e  t o  a t tempt  t o  extend 
t h e s e  a n a l y t i c a l  t echniques  t o  those dynamic cases  which can be p r o f i t a b l y  
s tud ied  
3 
111. TKF: BASIC DYNAMIC MODEL FOR A ROLLING TIRF: 
We cons ider  f i r s t  a genera l ized  c y l i n d r i c a l  s h e l l  under a r b i t r a r y  loads.  
4 
This  i s  shown i n  F igure  1, taken  from F l G g e .  
A r  
Figure  1. S h e l l  stress r e s u l t a n t  conventions and nomenclature. 
From Figure 1, f o r c e  equi l ibr ium equat ions may be w r i t t e n  f o r  t h e  element of  
c y l i n d r i c a l  s h e l l  su r f ace .  
and r d i r e c t i o n s ,  and are given as: 
General ly , these equat ions  are d i r e c t e d  i n  t h e  x, 
* 
N + N' ex + Px*a = 0 
* * 
a Ni + a Nxe - MA - Mxe + Pea2 = 0 
e xe 
* * * *  
M" + M t  + M i x  + Mx + aNo - P,a2 = 0 
The fol lowing symbols are used: 
5 
u 
V 
W 
us 
It i s  next necessary  t o  cons ider  displacements  of a c y l i n d r i c a l  s h e l l ,  
where we l e t  
= displacement a long  t h e  gene ra to r ,  p o s i t i v e  i n  t h e  d i r e c t i o n  of i n -  
c reas ing  x; 
displacement a long  a c i r c l e  of r ad ius  a ,  p o s i t i v e  i n  
increas ing  0; 
= 
= r a d i a l  displacement ,  p o s i t i v e  outward. 
ng t h i s  no ta t ion ,  and assuming t h a t :  (1) a l l  p o i n t s  ly 
d i r e c t i o n  of 
ng on one norma - 
t o  t h e  middle sur face  before  deformation do t h e  same af te r  d e f o r ~ t i o n ;  (2 )  t h a t  
f o r  a l l  kinematic r e l a t i o n s  t h e  d i s t a n c e  z of  a p o i n t  from t h e  middle su r face  
may be considered as unaffected by t h e  deformations of  t h e  s h e l l ;  ( 3 )  t h a t  t h e  
stress 0 may be considered n e g l i g i b l e  compared wi th  t h e  stresses uX and 08. r 
By use  of such assumptions,  and by cons ide ra t ion  of t h e  d e f i n i t i o n s  of  
s h e l l  f o r c e s ,  one may f i n a l l y  express  t h e  va r ious  s h e l l  f o r c e s  and moments i n  
terms of t h e  deformation by means of t h e  equat ions  
- D *  K V  = - (u + pv'  + 11w) - Nx a 
* K 1 - p  * (u' + v) + z* 2- (ut + w ' )  - B 1 - p  Nex a 2 - -. 
* - 6 1 - 1 1  * K 1 - 1 1  * Nxe - ;?a 2(u' + V) + 3 6  (V - w') 2 
** Me = 3 K ( W  + W" + PW) 
Elx = -.& K (w ** + pw" - u * - PV') 
1 
r 
b 
I f  one uses  E q s .  (3 )  and s u b s t i t u t e s  them i n t o  E q s .  ( l),  it i s  p o s s i b l e  
t o  o b t a i n  t h e  t h r e e  equat ions  of equi l ibr ium i n  terms of t h e  t h r e e  d i f f e r e n -  
t i a l  equat ions  i n  displacements  u, v and w of t h e  middle su r face  o f  t h e  s h e l l ,  
These equat ions  become 
1-p * pxa2 ** 2 1 - P  * 
+ P W  + a [-ut1 - w + w"] + -= 0 1 -LI u" + kL  ;I 2 2 2 
** 
D 
u + -  2 
3 3 - p  ** pea2  w'] ** l + p  * (+u' + v" + **v* + w '  + &[, ( l -p)v + -= 0 - 
D. 2 2 2 
(4) 
We next wish t o  cons ider  t h e  s p e c i f i c  case  of a r a t h e r  narrow c y l i n d r i c a l  
s h e . l l w h i c h  has  no v a r i a t i o n  of loading wi th  r e spec t  t o  t h e  x d i r e c t i o n .  In 
t h i s  case ,  t h e  s h e l l  takes on t h e  form shown i n  Figure 2, where a s h e l l  of 
width bw and th i ckness  h i s  made of m a t e r i a l  of modulus E and d e n s i t y  p, t h e  
r a d i u s  of t h e  c y l i n d e r  being a. 
Figure 2. Narrow c y l i n d r i c a l  s h e l l  no ta t ion .  
7 
If t h e  loading i s  uniform wi th  r e spec t  t o  t h e  x d i r e c t i o n ,  and if t h e  
width bw i s  small enough so t h a t  c o n t r a c t i o n  i n  t h e  x d i r e c t i o n  may be neg- 
l e c t e d ,  t hen  one may v i s u a l i z e  t h a t  a l l  d e r i v a t i v e s  wi th  r e spec t  t o  x i n  Eqs. 
(4)  w i l l  vanish.  
n e g l i g i b l e  and w i l l  be dropped, as w i l l  p r e s su re  components i n  t h e  x d i r e c -  
t i o n .  Allowing t h e s e  s impl i fy ing  assumptions t o  be used i n  Eqs .  (4) causes  
them t o  reduce t o  
I n  a d d i t i o n ,  a l l  displacements  u i n  t h e  x d i r e c t i o n  become 
a2 = ( = + w )  a av + P 0 - = O  
6 
( 5 )  
There are several ways t h a t  one may proceed t o  analyze Eqs. ( 5 ) .  
s imples t  of t hese  i s  t o  v i s u a l i z e  t h a t  f o r  a f r i c t i o n l e s s  p lane  pg vanishes  so 
t h a t  t h e  first of Eqs.  ( 5 )  simply states t h a t  
Perhaps t h e  
av 
+ w) = Cons't (57 
This  same term occurs  i n  t h e  second of Eqs .  ( 5 ) .  It i s  immediately recog- 
nized as being connected t o  t h e  c i r cumfe ren t i a l  membrane s t r a i n  through t h e  w e l l  
known r e l a t i o n  
1 av 
%) E = - ( w +  a *m 
It i s  s implest  t o  c a r r y  t h i s  term a long  i n  t h e  equat ions  f o r  some t ime 
before  a s s ign ing  it a s p e c i f i c  value.  Hence, Eqs .  ( 5 )  may now be w r i t t e n  
8 
a2 IV P r  a €  + a2(w + 2w" + w> = - 
En CI 8 ( 7 )  
This  equat ion  now rep resen t s  t h e  equat ion f o r  d e f l e c t i o n  of a c y l i n d r i c a l  
s h e l l  a g a i n s t  a f r i c t i o n l e s s  load, so t h a t  on ly  r a d i a l  p re s su res  e x i s t .  Note 
t h a t  t h e  cons tan t  a 2 i s  given by 
a 2 = - .  h2  
12a2 
I n  Eg. ( 7 ) ,  it i s  d e s i r a b l e  t o  inc lude  most of  t h e  p r o p e r t i e s  of a r ea l  
pneumatic t i r e  by means of ad jus t ing  t h e  r a d i a l  p re s su re  t e r m  pr for var ious  
t i r e  e f f e c t s .  
means of some kind of genera l ized  impedance i n  such a way t h a t  both r ea l  
e l a s t i c  moduli and imaginary e l a s t i c  moduli can be opera t ive .  
S p e c i f i c a l l y ,  i t  i s  des i r ed  t o  support  t h e  e l a s t i c  s h e l l  by 
This  might be 
thought  o f ,  i n  some re spec t s ,  as  f i l l i n g  t h e  i n s i d e  of t h e  s h e l l  wi th  a mass- 
l e s s  foam-like material. For purposes of  t h i s  r epor t ,  t h e  genera l ized  i m -  
pedance w i l l  be reduced t o  t h e  s p e c i f i c  case of a r ea l  e l a s t i c  and viscous 
loss support  system, but  it i s  r e a d i l y  understood t h a t  t h e  viscous loss sup- 
p o r t  mechanism may be replaced by o t h e r  mechanisms such as a h y s t e r e s i s  type  
of loss. For t h e  p r e s e n t ,  t h e  viscous loss mechanism rep resen t s  a very simple 
device  which i s  easi ly  t r e a t e d  a n a l y t i c a l l y ,  and f o r  t h a t  reason w i l l  be r e -  
t a i n e d  here .  
As an  a d d i t i o n a l  f e a t u r e  of  Eq.  ( 7 ) ,  it i s  d e s i r a b l e  t o  inc lude  both a 
uniform i n t e r n a l  i n f l a t i o n  pressure and an  e x t e r n a l  p re s su re  loading term de- 
no t ing  con tac t  p re s su res  coming from con tac t  with t h e  ground sur face .  
9 
F i n a l l y ,  i n e r t i a  terms form p a r t  of t h e  r a d i a l  loading s i n c e  it may be 
a n t i c i p a t e d  t h a t  t h e  s h e l l  i n  ques t ion  w i l l  be a c c e l e r a t i n g  i n  t h e  w d i r e c -  
t i o n  as w e l l  as being subjected t o  a n  o v e r a l l  r i g i d  body r o t a t i o n  of angular  
v e l o c i t y  R. Accounting for a l l  of t h e s e  f a c t o r s ,  one may wri te  t h e  t o t a l  
r a d i a l  p re s su re  of t h e  s h e l l  i n  t h e  form 
.. 
(a) P, = -ph[w - (a + w)Q2] 
(b) p, = -kw 
assuming t h a t  t a n g e n t i a l  v e l o c i t i e s  are  n e g l i g i b l e  and where 
Inc luding  a l l  of t h e s e  e f f e c t s  i n t o  Eq. ( 7 ) ,  one f i n a l l y  ob ta ins  
2 I n  t h i s  equat ion,  t h e  presence of t h e  R t e r m  i s  due t o  t h e  f a c t  t h a t  t h e  
( 9 )  
s h e l l  i s  assumed t o  be r o t a t i n g  wi th  angular  v e l o c i t y  R. We w i l l  next allow 
loads t o  move i n  t h e  oppos i te  d i r e c t i o n  t o  R around t h e  per iphery  of  t h e  ro- 
t a t i n g  s h e l l  by means of t ransforming t h e  s h e l l  equa t ions  i n t o  a new indepen- 
dent  v a r i a b l e  
e l  = e - n t  
10 
.I 
I 
B 
I 
I 
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1 
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I 
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1 
I 
I 
Using these ,  one o b t a i n s  
a2 a2c + - (!a*," - 2Qi '  + i j )  + - (;v - Qw') 
m c12 Eh aE 0 
ka2 R2a2 
Eh 
+ a2wIV + 2a2w11 + + -- -1 
C 1  
a2 
= jqi [ - P(e)  + Po + phaQ2I 
where 
Next, in t roduce  t h e  new v a r i a b l e s  (see Ref. 5 )  
from which t h e  equat ion  of  motion of t h e  s h e l l  may now be w r i t t e n  i n  t h e  form 
In t roducing  t h e  variable 
- Qa = 5 
c1  
one f i n a l l y  ob ta ins  Eq. (13) i n  the  form 
.. 
t - 2 ~ ; '  + a2zI" + (2a2 + s ) z 1 t  Eh € + z +  ern 
accl - ka2 - - Eh RZ' + (a2 + Eh - 3 ) z  
11 
I n  Eq. (15), we de f ine  t h e  new cons tan t s  as fo l lows:  
aclc - a n(e )  
= = C  - = P E  
% =  po 
Eh 
and d iv id ing  by a2, one f i n a l l y  ob ta ins  t h e  equat ion  of motion 
-- - E - + 7 + 7 c z - or' 2 9  i' + ZIV + (2. + ?ir ;;I)z" - -.&- c n  z' em .. 
a* 
z 
+ (1.  + - p - $ z = - - +  IT9 PE PO 
a2 Z+P 
where 
(177) 
- ka2 k = -  Eli 
Equation (17) i s  an  equat ion  f o r  motion of  t h e  c y l i n d r i c a l  s h e l l  and con- 
t a i n s  a l l  terms necessary f o r  r ep resen t ing  most of  t h e  phenomena which can be 
observed i n  a r o l l i n g  pneumatic t i r e .  b s s  terms are represented  through t h e  
v iscous  l o s s  constant  c, dynamic terms throught  t h e  q u a n t i t y  32 and e l a s t i c  
terms through the  q u a n t i t y  F. The angu la r  v e l o c i t y  of t h e  wheel i s  given by 
t h e  dimensionless angu la r  v e l o c i t y  5 so t h a t  Eq. (17) i n  e f f e c t  r ep resen t s  a 
c i r c u l a r  c y l i n d r i c a l  s h e l l ,  supported as ind ica t ed  i n  F igure  3,  with a moving 
load of angu la r  v e l o c i t y  R. I n  a d d i t i o n  t o  t h i s  angu la r  v e l o c i t y  R, one may 
superimpose a r i g i d  body r o t a t i o n  of angular  v e l o c i t y  R i n  t h e  oppos i te  d i r e c -  
t i o n ,  as was done with t h e  i n e r t i a  t e r m  of t h e  form (a + w ) f l  
term, whose e f f e c t  i s  t o  superimpose t h e  r i g i d  body r o t a t i o n  of angular  v e l o c i t y  
R on t h e  e n t i r e  system, r e s u l t s  i n  Eq. (177) now rep resen t ing  r o t a t i n g  t i r e  
wi th  s t a t i o n a r y  impressed load, such as i s  shown i n  Figure 3. 
2 i n  Eq .  (8).  This  
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Figure 3 .  S h e l l  c h a r a c t e r i s t i c s .  
We now cons ider  s t eady  s t a t e  so lu t ions  t o  Eq. (17). Under t h i s  condi t ion ,  
a l l  t i m e  d e r i v a t i v e s  vanish and making s u b s t i t u t i o n s  o f  cons t an t s  i n  t h e  form 
one sees  t h a t  t h i s  reduces t o  
€ 
- + z'" + ( 2  + WA)z" - (CWA)z' + (1 + KA - WA)z 
a2 
(19) 
= PA - P0 + WA 
where, o f  course,  t h e  primes represent  d e r i v a t i v e s  wi th  r e spec t  t o  t h e  v a r i a b l e  
81, and i n  g e n e r a l  Eq. (19) represents  s teady  s ta te ,  or s tanding  wave, s o l u t i o n s  
t o  t h e  deformation of t h e  r o t a t i n g  c y l i n d r i c a l  s h e l l .  
2 
It i s  now necessary  t o  def ine t h e  cons tan t  eQ /a  . This  w i l l  be done by 
m 
making t h e  fol lowing b a s i c  assumptions: 
13 
(a )  The process  of i n f l a t i o n  w i l l  be considered as one involv ing  mem- 
brane e f f e c t s  only.  
The process  of deforming t h e  t i r e  i n  t h e  con tac t  pa tch  w i l l  be con- 
s idered  as one involv ing  bending e f f e c t s  only.  
(b) 
Based on these  ideas ,  w e  may l e t  
which i m p l i c i t l y  de f ines  t h e  dimensionless  displacement z as being measured 
from t h e  i n f l a t e d  pos i t i on .  Using t h i s ,  Eq. (19) may be w r i t t e n  i n  t h e  form 
where 
f l a t e d  t i r e  as a re ference .  
problem may be obtained r e a d i l y  by al lowing t h e  va lues  of WA and CWA both t o  
vanish simultaneously.  This  causes  Eq.  (21)  t o  reduce immediately t o  
i s  used t o  emphasize t h a t  t h i s  displacement i s  measured from t h e  i n -  
From t h i s  equat ion ,  one sees t h a t  t h e  s t a t i c  
which was used i n  R e f .  3 .  
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I V .  THE CONTACT PA.TCH REGION 
There are two problems assoc ia ted  wi th  a t tempt ing  t o  de f ine  t h e  reg ion  
or l ength  of  con tac t  of t h e  t i r e  model pressed  a g a i n s t  a f r i c t i o n l e s s  p l ane .  
The f irst  of  t h e s e  i s  t h e  determinat ion i n  some form or ano the r  o f  some of t h e  
e l a s t i c  cons t an t s  which fit  i n t o  t h e  va r ious  equat ions  of motion j u s t  developed, 
p a r t i c u l a r l y  Eq. (21), which i s  t h e  pr imary s ta tement  of deformation from t h e  
i n f l a t e d  state.  
One method of accomplishing t h i s  i s  t o  observe t h a t  t h e  s t a t i c  case of 
Eq.  (21), given  i n  t h i s  r e p o r t  as Eq. ( 2 2 ) ,  i n d i c a t e s  t h a t  t h e  s t a t i c  problem 
of con tac t  i s  a re la t ively simple one involv ing  on ly  a s i n g l e  e l a s t i c  cons t an t ,  
t h e  dimensionless  foundat ion modulus denoted he re  by t h e  symbol KA. It should 
be p o s s i b l e  t o  determine t h e  value of  KA by appropr i a t e  t es t s  on var ious  real  
t i r e s ,  i n  which c e r t a i n  d e f l e c t i o n s  are imposed and t h e  r e s u l t i n g  contac t  pa t ch  
l eng ths  are measured. Experiments i n d i c a t e  t h a t  t h i s  may indeed by done. 
Similar techniques have not ye t  been developed for t h e  d i r e c t  measurement 
of  o t h e r  e l a s t i c  cons t an t s  appearing i n  Eq. (21) .  
%Ere cons t ruc t ion  may be used as a guide i n  c a l c u l a t i n g  some of  t h e  cons t an t s  
appear ing  i n  t h i s  equat ion ,  and i n  t h i s  regard w e  a r e  r a t h e r  f o r t u n a t e  i n  hav- 
i n g  a v a i l a b l e  a background i n  t h e  material p r o p e r t i e s  of cord rubber  laminates .  
By t h e  use  of such information one could g e n e r a l l y  hope t o  o b t a i n  t h e  remaining 
cons t an t s  necessary i n  Eq,  ( 2 1 ) .  
I n  connect ion wi th  Eq. (21), one must next dec ide  on techniques f o r  t reat-  
i n g  t h e  deformation of t h e  c y l i n d r i c a l  s h e l l  model a g a i n s t  a f r i c t i o n l e s s  plane.  
For purposes of t h i s  r epor t ,  
1.5 
I n  doing t h i s ,  it i s  seen t h a t  t h e  l e f t  s i d e  of t h e  equat ion  con ta ins  terms 
involv ing  d e f l e c t i o n s  while  t h e  r i g h t  s i d e  con ta ins  only  t h e  e x t e r n a l  p re s -  
su re  loading term. I f  one could know t h e  d e f l e c t i o n s  of  t h e  s h e l l  model i n -  
s i d e  t h e  contact  pa tch  reg ion ,  t hen  it might be p o s s i b l e  t o  s p e c i f y  t h e  va lues  
z on t h e  l e f t  s i d e  of Eq. (21)  and t o  c a l c u l a t e  t h e  p a r t i c u l a r  va lues  of 8 f o r  
which t h e  e x t e r n a l  p re s su re  vanished, by means of t h e  r i g h t  s i d e  vanishing i n  
Eq. (21) .  
deduce by geometry t h a t  
This  may be accomplished by r e fe rence  t o  F igure  4 from which one may 
Figure 4. Geometry of i n t e r s e c t i o n  of e l a s t i c  s h e l l  w i th  a r i g i d  p lane  sur face .  
where 
W - z = - .  
a0 
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The f i r s t ,  second and f o u r t h  d e r i v a t i v e s  of t h i s  func t ion  are  needed, and 
t h e s e  work out  t o  be 
cos e cos20 
(24)  
 COS'+^ 
J 
cos0 
Having t h e s e  d e r i v a t i v e s ,  it may be seen a t  once t h a t  given t h e  proper  e l a s t i c  
cons t an t s  a l l  terms of Eq. (21) may be evaluated by us ing  Eqs .  ( 2 3 )  - (26 ) ,  
which p h y s i c a l l y  mean t h a t  t h e  ou te r  sur face  of t h e  s h e l l  i s  i n  contac t  w i t h  
t h e  f l a t  p lane  of Figure 4. We then search f o r  t h e  p re s su res  P 8  i n  Eq. (21)  
which cause t h i s  s i t u a t i o n  t o  occur. I n s i d e  t h e  reg ion  of  t h e  contac t  patch 
such p r e s s u r e s  w i l l  be p o s i t i v e ,  while o u t s i d e  t h e  contac t  pa t ch  reg ion  such 
p r e s s u r e s  w i l l  be negat ive.  Thus, w e  search  f o r  s o l u t i o n s  t o  Eq.  (21)  i n  
which t h e  r i g h t  hand s i d e  i s  zero.  Such s o l u t i o n s  must be func t ions  of t h e  
ang le  8, and such s o l u t i o n s  thus  g ive  angles  8 which d e f i n e  t h e  ends of t he  
con tac t  patch.  
Note t h a t  a l l  func t ions  on the  l e f t  s i d e  o f  Eq. (21)  are even except f o r  
t h e  f i r s t  d e r i v a t i v e  func t ion  which occurs  i n  connection wi th  t h e  damping term. 
If t h e  damping i s  nonzero, then  it may be seen t h a t  t h e  forward and a f t  angular  
l o c a t i o n s  of t h e  contac t  pa tch  w i l l  not be equa l  t o  one another ,  and i n  gene ra l  
t h i s  has  been observed t o  be a f a c t .  Use of Eq. (21)  thus  g ives  dynamic i n f o r -  
mation concerning t h e  contac t  patch i n  a r o l l i n g  t i r e  under t h e  assumptions of 
complete contac t  with the  f l a t  plane.  
17 
I n  a l a t e r  s ec t ion  of t h i s  paper  a s p e c i f i c  example of  t h e  c a l c u l a t i o n  
o f  con tac t  patch length  under dynamic cond i t ions  will be presented .  
moment, t h e  theory i s  complete and need only  be worked o u t  for t h e  proper  
numerical  cases .  
For t h e  
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V. CALCULATIONS AND EXAMPUS 
There are a t  least  two methods f o r  a t tempt ing  t o  v e r i f y  some of t h e  
t h e o r e t i c a l  i d e a s  brought ou t  by the  use  of  a model such as proposed i n  t h i s  
r e p o r t .  Perhaps t h e  b e s t  and most d i r e c t  of t h e s e  would be t o  manufacture a 
model of t h e  ty-pe v i sua l i zed  he re  and t o  a c t u a l l y  conduct tes ts  involv ing  i t s  
r o l l i n g  over  some e s s e n t i a l l y  f r i c t i o n l e s s  p lane ,  i n  such a way t h a t  p re s su re  
d i s t r i b u t i o n s ,  t o t a l  v e r t i c a l  loads and drag  f o r c e s  could be measured a c c u r a t e l y .  
If t h e  p r o p e r t i e s  of  t h e  model were w e l l  known, t h e n  t h e  p r e d i c t i o n s  of t h e  
theo ry  could be compared wi th  measured d a t a .  However, such a series of  ex- 
per iments  becomes r a t h e r  d i f f i c u l t  when t h e y  must be done on a f l a t  p lane  as 
v i sua l i zed  here ,  s i n c e  t h e  equipment f o r  r o l l i n g  a wheel on such a f l a t  sur- 
f a c e  i s  expensive and complicated.  For t h a t  reason a d i f f e r e n t  approach w i l l  
be used he re ,  where one a t tempts  t o  u t i l i z e  p h y s i c a l  d a t a  which c l o s e l y  approxi-  
mates t h a t  of  a real  t i r e ,  and at tempts  t o  p r e d i c t  some of t h e  known ope ra t ing  
c h a r a c t e r i s t i c s  of such a t i r e ,  I n  some r e s p e c t s  t h i s  i s  less s a t i s f a c t o r y  
t h a n  t h e  f i r s t  p rocess ,  s ince  it i s  known t h a t  many o f  t h e  important ope ra t ing  
c h a r a c t e r i s t i c s  of a t i r e  depend heav i ly  on t h e  form of  i t s  i n t e r n a l  loss. 
These i n t e r n a l  loss c h a r a c t e r i s t i c s  are not n e c e s s a r i l y  w e l l  def ined  f o r  rub- 
ber-cord combinations.  It i s  c l e a r  t h a t  a simple viscous loss l a w  does not  
r ep resen t  such loss c h a r a c t e r i s t i c s  very  w e l l ,  bu t  i t s  form is q u i t e  simple 
and w i l l  serve t o  i l l u s t r a t e  t h e  method of  c a l c u l a t i o n .  For t h i s  reason it 
should be poin ted  out  c l e a r l y  t h a t  t h e  purpose of t h i s  example i s  not t o  model 
a s p e c i f i c  t i r e  e x a c t l y ,  bu t  r a t h e r  t o  in t roduce  a technique which, given t h e  
1.9 
proper  loss c h a r a c t e r i s t i c s ,  can be used t o  perform skch modeling. 
t h e  r e s u l t i n g  c a l c u l a t i o n s  are only  i n d i c a t i o n s  of t h e  g e n e r a l  na tu re  of t i r e  
behavior  under such cond i t ions .  The f a c t  t h a t  some of t h e  important charac-  
t e r i s t i c s  seem t o  agree  wi th  a c t u a l  t i r e  c h a r a c t e r i s t i c s  g ives  hope t h a t  t h e  
t h e o r e t i c a l  framework ou t l ined  here  w i l l  have some u t i l i t y  as a t o o l  i n  p re -  
d i c t i n g  t h e  response of  a r e a l  pneumatic t i r e .  
Hence, 
One must first t u r n  t o  t h e  cons t an t s  needed i n  eva lua t ing  Eq. (21). 
Bas i ca l ly ,  these  cons t an t s  are e x a c t l y  those  which one must u se  t o  de f ine  t h e  
o v e r a l l  c h a r a c t e r i s t i c s  o f  a c i r c u l a r  c y l i n d r i c a l  s h e l l  of t h e  type  proposed 
he re .  An attempt has  been made t o  chose such c h a r a c t e r i s t i c s  t o  be compatible 
wi th  a 7.50 x 14.00 automotive t i r e ,  and t h e  r e s u l t i n g  numerical  va lues  are 
being used f o r  subsequent c a l c u l a t i o n s  
= 4.25 i n .  E = 10,000. p s i  
bW 
a = 12.35 i n .  h = 1.14 i n ,  ( 2 7 )  
4 - 4  a, = 15-35 i n .  p = 1 x 10 lb-sec2/ in .  
Using t h i s  p a r t i c u l a r  value of t h e  o u t s i d e  r a d i u s  of  t h e  wheel ao, namely 
13.35 i n . ,  one f i n d s  t h a t  t h e  angu la r  v e l o c i t y  i s  r e l a t e d  t o  t h e  l i n e a r  speed 
i n  m i l e s  p e r  hour by t h e  r e l a t i o n  
R = 1-52 rad/sec/mph. (28) 
Consider next t h e  problem of c a l c u l a t i n g  t h e  response of a pneumatic t i r e  
having t h e  p r o p e r t i e s  given i n  Eqs .  (27) under cond i t ions  of  g iven  v e l o c i t y  
and load .  For t h i s  purpose,  one must f i r s t  s p e c i f y  t h e  loss l a w  t o  be used.  
The v iscous  loss type of l a w  p rev ious ly  d iscussed  w i l l  be u t i l i z e d  he re ,  and 
t h e  damping f a c t o r  c w i l l  be  chosen as 
20 
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c = 0.10 ( 2 9 )  
This i s  based on i n t e r p r e t a t i o n  of o sc i l l og raph  r eco rds  from free v i b r a t i o n  
tes t s  of a pneumatic subjected t o  an  impulsive blow. 
A d i g i t a l  computer program has  been cons t ruc ted  which f irst  c a l c u l a t e s  
t h e  forward and a f t  edges o f  t h e  contact  pa t ch  a t  a f i x e d  va lue  of damping 
cons t an t ,  and f o r  va r ious  values of  t he  o t h e r  parameters  l i s t e d  i n  Eqs .  (27) 
and (28). 
accomplished by f i x i n g  t h e  angle  8, of Eq. ( 2 3 )  or of  Figure 4. 
of t h e  con tac t  pa tch  are known, one may u t i l i z e  Eqs .  (21) and ( 2 3 )  - (26) t o  
c a l c u l a t e  t h e  p re s su re  d i s t r i b u t i o n  i n  t h e  con tac t  pa tch ,  
d i s t r i b u t i o n ,  t h e  t o t a l  load  and the  drag  f o r c e  may be obtained by i n t e g r a t i o n .  
For t h i s  example, t h e  v e r t i c a l  t i r e  d e f l e c t i o n  w i l l  be allowed t o  vary  from 0.5 
t o  2 * 0  inches.  The l i n e a r  v e l o c i t y  w i l l  be allowed t o  range from 0 t o  120 
m i l e s  p e r  hour and t h e  i n f l a t i o n  pressure  w i l l  take on f o u r  va lues ,  0, 15, 24 
and 40 p s i ,  
This  i s  done by spec i fy ing  t h e  t i r e  d e f l e c t i o n ,  which i s  e f f e c t i v e l y  
Once t h e  l i m i t s  
Given t h e  p r e s s u r e  
I n  t h e s e  c a l c u l a t i o n s ,  i t  i s  necessary t o  have some va lue  f o r  t h e  dimen- 
2 s i o n l e s s  foundat ion modulus ~ / c X  It was p rev ious ly  pointed out  t h a t  t h i s  
q u a n t i t y  can be obtained d i r e c t l y  from a s ta t ic  t e s t  i n  which t h e  length  of  t h e  
l e n g t h  of t h e  con tac t  pa tch  i s  measured, and for t h e  p a r t i c u l a r  t i r e  i n  ques- 
t i o n  a va lue  of  KA = 325 was obtained,  
= KA. 
The r e s u l t s  of t h e s e  c a l c u l a t i o n s  are f i rs t  g iven  i n  Figure 5 .  Here, 
t h e  forward and a f t  boundaries of a t y p i c a l  con tac t  pa t ch  are p l o t t e d  as a 
f u n c t i o n  of r o l l i n g  ve loc i ty .  
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One might note  from Figure  5 t h a t ,  gene ra l ly  speaking, t h e  t i r e  e x h i b i t s  
a forward s h i f t  of t h e  contac t  patch wi th  speed, i n  t h a t  t h e  forward and a f t  
edges both move forward wi th  ve loc i ty .  T n i s  causes  t h e  e n t i r e  p re s su re  d i s -  
t r i b u t i o n  t o  move forward and results i n  a s h i f t  of t h e  c e n t e r  of  p re s su re  f o r -  
ward of t h e  a x l e  p o i n t  so as t o  cause a drag  f o r c e .  
e r a l l y  agree  with experience.  
This  aga in  seems t o  gen- 
I n  Figure 6 are shown curves of t h e  inf luence  of r o l l i n g  v e l o c i t y  on ver- 
t i c a l  load c a r r i e d  a t  cons tan t  t i r e  d e f l e c t i o n .  These curves are p l o t t e d  f o r  
two d i f f e r e n t  va lues  of  i n f l a t i o n  pressures .  General ly ,  t h e  in f luence  of speed 
i s  t o  inc rease  load a t  f ixed  de f l ec t ion .  Conversely,  a t  fixed load one would 
expect  d e f l e c t i o n  t o  decrease  wi th  speed. 
wi th  speed as has  been observed. 
I n  Figure 7, t h e  drag  f o r c e  i s  p l o t t e d  as a f u n c t i o n  of t i r e  d e f l e c t i o n  
for f o u r  d i f f e r e n t  va lues  of  i n t e r n a l  pressure ,  a l l  data being ca l cu la t ed  a t  
a cons tan t  forward speed of 40 mph. These curves are almost e n t i r e l y  depen- 
dent  upon t h e  d e t a i l e d  form of the  loss l a w  which i s  assumed f o r  t h i s  pa r -  
t i c u l a r  model, a v iscous  l a w  wi th  l o s s e s  ass igned only  t o  t h e  foundat ion.  
Hence, r o l l i n g  r ad ius  would i n c r e a s e  
Never the less ,  t h e  c a l c u l a t i o n s  do i l l u s t r a t e  t h e  g e n e r a l  form of  t h e  r e s u l t s  
which are obta ined ,  and shew t h a t  even f o r  t h i s  crude loss mechanism t h e  drag  
f o r c e  inc reases  both wi th  d e f l e c t i o n  and wi th  i n f l a t i o n  p res su re ,  as it should. 
One advantage t o  p l o t t i n g  data i n  t h i s  f a sh ion  i s  t h a t  such cons tan t  speed 
p l o t s  e l imina te  some,, bu t  not a l l  of t h e  d i f f i c u l t i e s  of t h e  problem of cor -  
r e c t i n g  t h e  loss l a w  f o r  temperature inc reases ,  and hence l o s s  i nc reases ,  as 
speed i s  increased .  By r e s t r i c t i n g  a t t e n t i o n  t o  a cons tan t  speed one does not  
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see t h e s e  temperature e f f e c t s  q u i t e  so c l e a r l y .  It should a l s o  be noted t h a t  
Figure 7 does not con ta in  any loss from scrubbing i n  t h e  con tac t  pa tch ,  a l -  
though t h i s  may be a small f a c t o r  i n  t h e  o v e r - a l l  p i c t u r e .  Figure 7 i s  i n -  
tended as a genera l  p r e s e n t a t i o n  of t h e  type  of  information which can be ob- 
t a i n e d  by c a l c u l a t i o n  from t h i s  model, and should not be i n t e r p r e t e d  as repre-  
s e n t i n g  t h e  c h a r a c t e r i s t i c s  o f  t h e  g e n e r a l  model. 
I n  Figure 8, t h e  maximum con tac t  p re s su res  i n  t h e  con tac t  pa tch  are p l o t t e d  
as a func t ion  of r o l l i n g  v e l o c i t y  f o r  t h e  same two i n t e r n a l  p re s su res  as  p re -  
v ious ly  t r e a t e d .  
u s u a l  i n f l a t i o n  of 24 p s i ,  con tac t  p re s su res  would normally not  exceed 40 p s i  
under o rd ina ry  d r iv ing  cond i t ions .  
The r e s u l t s  shown i n  Figure 8 seem t o  i n d i c a t e  t h a t  a t  t h e  
F igure  9 shows p l o t s  of t h e  con tac t  p re s su re  d i s t r i b u t i o n  i n  t h e  con tac t  
pa tch  a t  two d i f f e r e n t  speeds,  0 and 100 miles p e r  hour f o r  a s i n g l e  i n f l a t i o n  
p res su re ,  
On t h e  o t h e r  hand, t h e  dynamic p res su re  d i s t r i b u t i o n  eva lua ted  a t  100 miles p e r  
hour shows r a t h e r  l a r g e  d i f f e r e n c e s  betweerl t h e  peak p res su re  near  t h e  c e n t e r  
o f  t h e  con tac t  patch and t h e  i n f l a t i o n  p res su re .  
su re  d i s t r i b u t i o n  h a s  s h i f t e d  forward. T h i s  causes  a forward movement of t h e  
c e n t e r  of pressure  which r e s u l t s  i n  drag  f o r c e s .  
So f a r  a l l  o f  t h e  r e s u l t s  presented  have been specu la t ive  i n  t h e  sense 
The s t a t i c  p re s su re  d i s t r i b u t i o n  i s  symmetric and a.lmost r ec t angu la r .  
I n  a d d i t i o n ,  t h e  e n t i r e  p r e s -  
t h a t  good experimental  data have not been a v a i l a b l e  as a check. 
t h e r e  i s  one s t a t i c  q u a n t i t y  which can be e a s i l y  measured, and t h a t  i s  t h e  
load d e f l e c t i o n  curve. 
i n f l a t e d  t o  var ious p re s su res  and loaded t o  o b t a i n  such curves .  
However, 
The p a r t i c u l a r  t i r e  which was be ing  modeled here  was 
These r e s u l t s  
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a r e  compared wi th  c a l c u l a t i o n  i n  Figure 10, where it i s  seen t h a t  p r e d i c t i o n s  
t end  t o  be a l i t t l e  more accu ra t e  a t  lower d e f l e c t i o n s  than  a t  h ighe r ,  which 
might be expected from such a l inea r i zed  theory .  
I n  gene ra l  it might be sa id  t h a t  by use of t h e  equat ions  discussed i n  
t h i s  paper  it i s  p o s s i b l e  t o  c a l c u l a t e  many of t h e  importark q u a n t i t i e s  d e a l -  
i ng  wi th  t h e  r o l l i n g  of a pneumatic t i r e  i n  a s t r a i g h t  l i n e  under cons tan t  
v e l o c i t y  condi t ions .  One very  important c h a r a c t e r i s t i c  i n  such c a l c u l a t i o n s  
i s  t h e  form of t h e  loss law, s ince  t h i s  determines almost completely t h e  
g e n e r a l  form of t h e  drag  fo rces  which are generated and a l s o  d i c t a t e s  t o  some 
e x t e n t  t h e  na ture  of t h e  contac t  patch s h i f t  as v e l o c i t y  inc reases .  
it should be emphasized t h a t  users of t h i s  t ype  of mathematical  model w i l l  
probably f i n d  it necessary t o  generate  t h e i r  own i n d i v i d u a l  loss laws and t o  
i n s e r t  them i n t o  t h e  appropr i a t e  equat ions of t h i s  r e p o r t .  Only by t h i s  
p rocess  w i l l  it be poss ib l e  t o  ob ta in  r e a l i s t i c  t i r e  performance da ta  from a 
mathematical  model such as t h i s .  
Therefore ,  
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